The use of Slater-type spinor orbitals in algebraic solution of the Dirac equation is investigated. The one-and two-center integrals constitute the matrix elements arising in generalized eigenvalue equation for one-electron atoms and molecules are evaluated over Slater-type spinor orbitals via ellipsoidal coordinates. These integrals are calculated through numerical global-adaptive method with Gauss-Kronrod numerical integration extension. The calculations are performed for electronic structure of ground and excited states of one-electron atoms and diatomic molecules. The screening constants are allowed to be variationally optimum values for given nuclear separation. The obtained results are compaired with the results those found in the literature. The procedures discussed in this work are capable of yielding highly accurate relativistic two-center one-electron integrals for all ranges of orbital parameters. Besides provides an efficient way to overcome the problems that arise in relativistic calculations.
I. INTRODUCTION
Molecular wave-functions are generally obtained from a linear combination of atomic orbitals (LCAO-MO) [1] employed and studied for many years with the atomic orbitals represented by analytical basis functions. These studies are performed in two groups of basis function: Gaussian-type functions and exponential-type functions. Gaussian-type functions possess a great advantage in the simplicity of evaluation of molecular integrals and are generally preferred in large scale calculations. Many computer programs based on Gaussian-type functions have been developed to be used in the fields of applied science. However, Gaussian-type functions are unable to represent the correct behavior of the wave-function at the nuclei and at large distances from it. On the other hand, exponential-type functions are better suited then Gaussian-type functions to represent the electronic wavefunction in both cases since they satisfy Kato's conditions [2, 3] . Two aspects of the required nonrelativistic electronic structure calculations by empliying LACO-MO method are therefore of fundamental importance. Firstly, the choice of basis function and secondly integral evaluation to obtain the matrix elements in the chosen basis function must be examined.
In relativistic electronic structure theory the situation is much more complicated. Although the methods have been algebraically described for many-electron systems [4] [5] [6] [7] still it is contain significant problems. First of all, the criteria for choosing basis functions should be reconsidered. The numerical convergence of results to nonrelativistic limit by the use of Gaussiantype orbitals is slow or sometimes even does not lead * albagci@univ-bpclermont.fr to the right results as they do not satisfy Kato's conditions. Also, they are limited by quantum electrodynamics corrections [8] . These ensure maintaining the suitability of exponential-type orbitals in theoretical investigations even they has been limited due to difficulties in efficient calculations of multicenter integrals. On the other hand, finite-size nuclear model only requires the use of Gaussian-type orbitals [55] which should be emphasized. The analytcal expressions by the solution of Dirac equation [10] ,Ĥ
here,Ĥ
is one-electron Dirac operator,
is two-component form of electron wave-function and
with, c is speed of light, σ are Pauli spin matrices,ˆ p is momentum operator, m is the rest mass of electron, I is 2X2 unit matrix, V (r) is interaction potential and ψ L , ψ S are represent large-and small-components of electron spinor wave-function respectively, are available only for limited interactions with strong constraint on potential [11, 12] . An approximate solution of Dirac equation gives finite-discrete energy spectrum known as positiveand negative-energy spectrum which are represent electronic, positronic energy states. The accurate calculation of whole spectrum is quite sensitive to mathematical completeness. It is require the choice of basis functions depending on kinetic balance condition [13, 14] ;
Unfortunately, expectation from obtained positiveenergy eigenvalues by the solution of Dirac equation in the nonrelativistic limit to converge to the eigenvalues obtained by the solution of Schrödinger equation may not comes true when finite-basis approximation is used. The kinetic balance condition guarantees the implementation of the variation principle only if the basis-set used in Dirac equation matches with the basis-set used in Schrödinger equation in the nonrelativistic limit. The variational instability, so called variational collapse [15] or finite basis-set disease [16] , may arise throughout algebraic solution of the one-electron Dirac equation to find the lowest eigenvalues of positive-energy states due to the Dirac-Hamiltonian is unbounded from below. The collapse of the obtained positive-energy eigenvalues below the lowest positive-energy ground state have been serious block in relativistic electronic structure calculations and it have been studied quite intensively by many authors since it is comprehended. Numerous approaches were proposed in these studies. They can be divided into two main groups; those that based to obtain Dirac-like equation where direct variational (Rayleigh−Ritz) procedure can be applicable and those that based on definition new variational procedure provides rigorous upper and lower bounds to positive-and negative-energy spectrum, respectively. The studies in first group were possible by a few ways; applying the variation method to the Dirac equation based on the modified Dirac operator [17] [18] [19] [20] , transformation of the Dirac-Hamiltonian to a block diagonal form through a Foldy−Wouthuysen transformation method [21] [22] [23] [24] , applicaiton of partitioning technique to the Dirac equation [25] [26] [27] , elimination of the small-components in order to get effective Hamiltonian only for large-components [28] [29] [30] [31] [32] [33] and using appropriate finite basis-set [7, 28, [34] [35] [36] [37] [38] [39] [40] 55] where the positive-energy eigenvalues are obtained bounded from below. The studies in second group were posssible by using particular variational procedures, Lehmann-Maehley and Minimax methods, [41] [42] [43] to solution of one-electron Dirac equation. Notice that detailed investigations of these procedures were made in [44, 45] . The use of central Coulomb potential in algebraic solution of one-electron Dirac equation brings another difficulty which is show up when relativistic angular momentum quantum numbers (κ) are positive. Here, the obtained positive-energy eigenvalue may lie in forbidden energy gap where, between lowest true positive-energy ground state and the negative-energy spectrum threshold −2mc 2 . Solution of this problem analyzed through defining basis-set approximation in [34, [46] [47] [48] [49] and its origin investigated in [50, 51] . Note that, the discussions on relativistic electronic structure calculations comprehensively can be found in [52] [53] [54] published, recently.
The aim of this paper is to show that using Slatertype spinor orbitals, which are obtained here analogously to L-spinors [55, 56] the Dirac equation can be solved via Rayleigh−Ritz method for extended basis-sets approximation without any modification on Dirac operator. The relations for relativistic one-electron molecular integrals can be obtained with compact form and calculated accurately for noninteger values of quantum numbers via molecular auxiliary functions [57] in ellipsoidal coordinates and suggested numerical integration method in [58] . The calculations are performed for electronic structure of ground and excited state of one-electron atoms and diatomic molecules with single-zeta basis-set approximation for each sign κ which is determine the symmetry of orbitals to be included in LCAO. The screening constants are allowed to be variationally optimum values. This paper is proving that the nature of Dirac equation is compatible with Rayleigh−Ritz method for extended basis sets approximation if Slater-type spinor orbitals is used and matrix representation of Dirac equation can be solved via procedure given for solution generalized eigenvalue equation without encountering any troubles.
II. SLATER-TYPE SPINOR ORBITALS
The Slater-type spinor orbitals (STSOs) which can be consider as relativistic analogues of Slater-type functions (STFs) have the functional form of the most nearly nodeless L-spinors characterized by minimum value of radial quantum numbers n r [59] , where (n r = n − |κ|) [60] and n principal quantum number. The STSOs used in this paper determined as,
where, κ = ∓1, ∓2, ∓3, ..., |κ| + 
here, the quantities C are Clebsch-Gordon coefficients.
Using the explicit form [60, 61] of the Clebsch-Gordon coefficients the spinor spherical harmonics can be obtained by following formula,
Y lm are the complex spherical harmonics [62] with, [63] . Notice that the spinor spherical harmonics are satisfy the orthogonality relations, (10) dΩ = sinθdθdϑ and the operatorK θϑ ,
changes their parity since it is odd of parity,
The coefficients A β κ , B β κ included in the radial part of STSOs are defined as follows,
where,
and, γ ∈ R + . It should be emphasized that the STSOs have the same form to as S-spinors [59] if
with nuclear charge Z, except they are not independent for a large and small components and they satisfy the following system of differential equation:
III. DEFINITION AND BASIC FORMULAS
The following linear combinations of molecular orbitals in terms of STSOs are used through the calculation of electronic energies of one-electron homo-nuclear and hetero-nuclear diatomic molecules: (19) where q = κ (−N q ≤ κ ≤ N q ), i = |κ| (1 ≤ |κ| ≤ 2N q ), I = ∓1 denote the gerade, ungerade states, respectively and N q is the upper limit of summation. The orbital parameters are chosen depending on κ as follows,
The calculations are performed to be obtained the energies and linear combination coefficients by solution of following generalized eigenvalue equation in a matrix form [1, [4] [5] [6] [7] 
here,
The one-electron integrals arise in Eq. (20) are defined as: overlap integrals,
nuclear attraction integrals,
and, kinetic energy integrals,
where
ζ+ζ ′ and R = r a − r b is the inter-nuclear distance vector. The vectors r a , r b are radius vectors of electrons with respect to nuclear labels a, b.
IV. EVALUATION OF ONE-ELECTRON MOLECULAR INTEGRALS
In order to derive the two-center one-electron integrals it is utilizing from expansion formula for spinor spherical harmonics with same and different centers and molecular auxiliary functions [57, 58] in lined-up coordinate systems via an ellipsoidal coordinates (ξ, ν, ϑ), respectively
here, (a) n is the Pochhammer symbol, P 
The coefficients C ββ ′ ,k κλ,κ ′ λ ′ (ξ, ν) are the product of two normalized associated Legendre functions in ellipsoidal coordinates and they are determined as,
Here, Λ = |µ|,
Please see [64, 65] for the definitions Gaunt coefficients and g c ab .
Considering the relations given in Eqs. (27, 32 ) the relativistic two-center integrals over normalized STSOs are defined by following formula, the overlap integrals,
the nuclear attraction integrals,
and the kinetic energy integrals
and,
with, 0 ≤ (i, i ′ ) ≤ 1. Finally, taking into consideration,
V. RESULTS AND DISCUSSIONS
The studies to solve the problems arise in algebraic solution of Dirac equation were commonly carried out for hydrogenic atoms and one-electron diatomic molecules. Investigation of one-electron diatomic molecules or generally speaking, two-center Dirac problem over exponential-type spinor orbitals algebraically could not be performed with genuine conviction due to the difficulties in accurate calculation of two-center integrals for this group of spinor orbitals. The problems arise in the solution of Dirac equation also have been serious block in application of variation principle. Note that, some calculations were performed with Gaussiantype spinor orbitals in variational method [66, 67] and Minimax method in two-center Dirac problem were investigated [68] . But, the use of exponential-type orbitals in two-center Dirac problem via direct variational approach has been open question. The two-center Dirac problem widely have been studied via numerical methods [69] [70] [71] [72] [73] [74] [75] or perturbative treatment of relativistic effects [76] [77] [78] [79] [80] as it have not been practically possible to perform the algebraic approximations. Recently, the accuracy problem in the evaluation of molecular integrals have been solved through numerical approximation in [57, 58] . These improvements led to reconsider application of kinetically balanced exponentialtype spinor orbitals, which obtain analogously from Ltype spinor for the solution of Dirac equation in algebraic approximation. At first sign, the S-type spinor orbitals is known available to be used in this problem. But, the difficulty of finding simple relations for two-center relativistic integrals still remain if large-and small-component of used spinor orbitals is not directly dependent. The STSOs and given relation in Eq. (17) for their large-and small-components provide an efficient and simple way to obtain the relativistic integrals. Besides the S-type spinor orbitals are special case of STSOs for γ = κ 2 − Z 2 /c 2 .
In this study, the Eq. (20) with its included matrix elements are solved for the determination of linear combination coefficients and electronic energies using Mathematica programming language. Schur decomposition [81] is utilized ot obtain eigenvalues since matrix form of DiracHamiltonian is not hermitian. The calculations are performed for ground and exicted of one-electron atoms and homo-, hetero-nuclear diatomic molecules with singlezeta basis sets approximation in linear combinations of STSOs given in Eqs. (18, 19) for each sign of κ. Determination of nonlinear parameters have critical importance for correct representation of atomic orbitals in relativistic calculations. The screening constants are allowed to be variationally optimum values. The Powell optimization procedure [82] is performed for defined basis sets approximation. The quantum numbers γ are chosen to take positive integer values. Notice that, the calculations can also be performed with γ = κ 2 − Z 2 /c 2 or γ can be assigned as parameter to be optimized. Unfortunately, the robust numerical procedure given in [57, 58] for highly accurate calculation of molecular integrals is not efficient according to computational time. The analytical method which gives results for these integrals accurate as much as results given in [57, 58] should be examined eventually. The calculations for one-electron atoms are performed with integer values of γ for arbitrary extended basis sets approximation, where κ can take positive and negative values, without encounter any kind of problem for ground and excited states. The investigation of one-electron atoms shows that there are basis functions with integer values of quantum numbers satisfy kineticbalance condition and they can be applicable for calculation of electronic structure of one-electron atoms. However, critical importance of two-center problem requires a detailed examination and instead of present the results obtained for one-electron atoms it is preferred to focusing on two-center Dirac problem. It is believed that, the reader have desire to see the results for one-electron atoms can perform his/her calculations easily. The results of calculations are presented in tables I-IV and figure 1, respectively. Variational stability are tested for one-electron molecules by large number of calculations. In these tables the results obtained for 1sσ 1/2 , 1pπ 3/2 , 2dδ 5/2 electronic energy states of oneelectron molecules with different values of nuclear charges and inter-nuclear distances are presented At low values of the nuclear charges during the optimization the spurious roots are encountered for a couple values of electronic energies. The space belong to these values in tables left empty. In figure these energies are plotted depending on screening constants, where the resolution is 1/10. In table I the results of calculations obtained by employing minimal basis-sets approximation are presented. The ground and excited state electronic energies are examined in this basis sets approximation. The values given in second row of each nuclear charge are obtained via solution of Schrödinger equation. It can be seen from this table the suggested basis functions are available to perform the calculations with minimal basis sets for any energy state with arbitrary nuclear charge without hesitate about interval initially given for optimization of screening constant. In tables II, III the results of calculations obtained by employing extended basis-sets approximation are presented, where upper limit of summations are chosen to as 1 and 2 for tables II, III, respectively. The upper limit of summation to be 1 define two basis functions in each atom with κ = −1 and κ = 1 and if it is 2 define four basis functions in each atom with κ = −1, 1 and κ = −2, 2. In table II the second row for given each nuclear charges are obtained by solution of Dirac equation in nonrelativistic limit and in table III are obtained by solution of Schrödinger equation using basis sets approximation given in [83] , here upper limit of summation are chosen to as 3. The results presented in these tables show that by the use of STSOs the basis sets can be extended with arbitrary sign of κ and the optimization procedure can be applied to obtain minimum values of desired energy states without encountering variational instability. For low nuclear charges during the optimization of the screening constants a particular energy states proceed towards the gap. It can be seen from the figure plotted for these energy states depending screening constants these exceptions can be neglected as the spurious roots encountered far from minimum values. The method is also tested for higher uppper limit of summation in table IV. Here, the given results in second row of each nuclear charges are the calculations performed with nonrelativistic limit. It is observed that for low values of nuclear charges it may require to take into account one more condition; different from nonrelativistic case in relativistic calculations the eigenvalues obtained by solution of Dirac equation is not in general an upper bounds while Kato's upper and lower bounds given as [84] ,
here E i are eigenvalues of spectrum obtained by the solution of Dirac equation which suppose in interval (a, b);
Some results in The tables given in this study are the first version of calculations and it is believed that they will be helpful on behalf of the reader's views. In the next version of the paper they will be revised. Presentation will be just for highest upper limit of summation considering upper and lower bounds in relativistic theory. 
